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INTRODUCTION 
PerRuorosulfonic acid (PFSA) polymer is used in 
proton exchange membranes (PEM) for fuel cell 
applications due to its inherent electrochemical 
properties. PFSA membranes are a class of flllOro­
polymers consisting of a hydrophobic poly tetra­
Auoroethylene (PI'FE) backbone attached to 
hydrophilic sulfonic acid groups (803- ) via fl uoro­
carbon polymer side chains (Fig. 1). Upon water 
Correspondellce to: M. H. Santare (E-maH: santare@udel. 
edu) 
uptake, these sulfonic acid groups IOnize and 
attach to the water molecules to provide a conduc­
tive path for proton transport, whereas the poly­
mer network maintains the overall structure of 
the membrane. However, various failure mecha­
nisms in the form of chemical degradation and 
mechanical damage are observed during fuel cell 
operat ion , imposing a crucial technical barrier to 
the widespread commercializat ion of PEM fuel 
cells. l -3 Mechanical stresses generated in t he 
membrane during hydration-dehydration cycling 
initiate and propagate this damage: during t he 
operation of the cell, inelastic compressive 
stresses are induced in the membrane upon 
hydration leading to residual tensile stresses 
Figure 1. Chemical structure of a PFSA membrane. 
during dehydration. Our previous studies4–6 
showed that these stresses are affected by the 
temperature and moisture-dependent mechanical 
properties of the membrane. Thus, establishing 
the mechanical properties and their dependence 
on swelling (or water content) and temperature is 
important for the characterization of the mechani­
cal behavior of PFSA membranes. This is the 
focus of our study. In the following section, studies 
in the literature on the nanostructure of PFSA 
membranes are reviewed to establish the basis for 
our mechanics model. 
Nanostructure of PSFA Membranes 
Early studies on the morphology of PFSA mem­
branes7,8 suggested that the nanostructure of 
PFSA membranes can be characterized by a clus­
ter-network model, where the ionic sulfonic acid 
-groups (SO3 groups) aggregate into domains 
forming inverted spherical micellar structures 
(the so-called clusters) dispersed throughout the 
perﬂuorinated matrix [Fig. 2(A)]. Upon hydration, 
-water molecules initially attach to the SO3
groups by ionizing them. Additional water mole­
cules increase the size of these clusters, which 
results in macroscopic swelling of polymer. In this 
work, we consider the cluster to be the spherical 
domain where both SO3
- groups and water mole­
cules are located. When a critical volume density 
of water is reached, the clusters make connections 
through the matrix and form a conductive 
pathway for Hþ ions and the diffusion of water 
molecules across the membrane (percolation) [Fig.  
2(B)].8–10 This water-cluster network is embedded 
in the perﬂuorinated matrix with the (SO3
-) ionic 
groups located at the polymer–water interface.7,8 
It is suggested that this structure can be repre­
sented by spherical clusters of diameter ds in a 
cubic lattice of length d connected by cylindrical 
channels [Fig. 2(D)].7,8,11 In the absence of water, 
the clusters still exist, due to the tendency of 
SO3
- ionic groups to aggregate to minimize the 
free energy [Fig. 2(C)].12 Thus, water uptake 
results in an increase in the diameter of the clus­
ter and the length of the cubic lattice from their 
ddry ddryrespective initial values, and [Fig.s 
2(C,D)]. During water absorption, coalescence of 
clusters causes a decrease in the number of clus­
ters as the clusters grow, leading to a continuous 
structural reorganization.7,8,10,13–15 
A phase-separated nanostructure for swollen 
PFSA membranes with an average cluster diame­
ter of between 3 and 6 nm has been validated 
experimentally through several methods, for 
example, small- and wide-angle scattering with 
(SAXS).10,13–23 neutrons (SANS) and X-Rays 
Modiﬁcations for the afore-described cluster-net­
work model and other nanostructural representa­
tions have been proposed as described else­
where.13,18,24–26 (For a review and comparison of 
these models see Mauritz and Moore27 and 
Schmidt-Rohr and Chen.28) 
Even though the literature lacks a clear con­
sensus on the size and shape of channels, a con­
tinuous hydrophilic phase similar to a porous 
structure is required to explain the water trans­
port mechanisms and ion conductivity in PFSA 
membranes.8,13,14,16,18,27,29,30 Hsu and Gierke8 
calculated the diameter of the channels connect­
ing the spherical clusters as 1–2 nm. Also, several 
authors have investigated the size distribution of 
the pores in swollen PFSA membranes to charac­
terize the nanostructure and to understand the 
transport properties. By assuming a cylindrical 
shape for all pores, Koter31 determined an ‘‘equiv­
alent pore radius’’ from the electroosmotic trans­
port of water and reported a value of 1.1–1.2 nm 
Rfor NaﬁonV 117 membranes. (Naﬁon membrane is 
a commercially available PFSA-based membrane 
commonly used in PEMFC applications. Naﬁon is 
a registered trademark of E.I. DuPont De Nem­
ours & Co.) Using standard porosimetry, Divisek 
et al.32 determined the volume and the surface 
area distribution of pores as functions of the pore 
size. They reported an average pore radius of 1–2 
nm, independent of temperature for Naﬁon mem­
branes using this method. Iijima et al.20 used dif­
ferential scanning calorimeter to determine the 
cluster size distribution in PFSA membranes and 
calculated an average diameter of between 1 and 
2.5 nm for the cylindrical channels connecting the 
spherical clusters. 
In addition to the size and shape of the clus­
ters, Dreyfus24,33 studied the spatial arrangement 
and proposed a structure that minimizes the dis­
tance between ﬁrst neighbors; a diamond (tetra­
hedron) model, where each cluster has four near­
est neighboring clusters located at a well-deﬁned 
distance, suggesting a strong local order.15 
Dreyfus33 also suggested that each cluster can be 
represented by a sphere connected to its neigh­
bors by four cylindrical channels. He used this 
assumed conﬁguration to conﬁrm the calculated 
percolation threshold measured experimentally. 
Later, it was shown that this local order model 
can be used to characterize the spatial distribu­
tion of swollen clusters in PFSA membranes as 
observed in SANS experiments for water volume 
fractions up to 0.3–0.4.13,15,17 
Recently, Schmidt-Rohr and Chen28 reviewed 
the existing nanoscale representations for the 
PFSA membrane and suggested that water is con­
ﬁned in parallel-cylindrical channels of 1.8–3.5 
nm in diameter, which are distributed in polymer 
backbone with the hydrophilic side-chains at the 
interface. 
Outline and Motivation 
The main goal of this study is to develop a micro­
mechanics-based model that can be used to 
predict Young’s modulus of PFSA membranes at 
various water contents and temperatures. In our 
micromechanics approach, we will use the ideal­
izations of the nanostructure discussed earlier 
and neglect any energetic interactions among the 
components. First, the relationship between the 
relative humidity, RH, and the water content, k, 
is described using the formulations available in 
the literature for the interpretation of experimen­
tal data. Then, micromechanics models are devel­
oped for a representative volume element (RVE) 
inspired by the existing literature on the nano­
structure of PFSA membranes, reviewed earlier. 
The resulting Young’s moduli are compared with 
previously published experimental data34 over a 
range temperatures and with other empirical 
models of PFSA membranes. For simplicity, in 
this study we assume (i) homogeneous cluster size 
distribution, where all clusters swell equally, an 
idealization used in several models as described 
elsewhere7,24,29 and (ii) the shape of the intercon­
necting channels is cylindrical as in the models 
proposed in other studies.8,13,20,29,30 
SORPTION BEHAVIOR OF 
PFSA MEMBRANES 
Naﬁon membranes are classiﬁed by their thick­
ness and equivalent weight, EW (g/mol), which is 
the number of grams of dry polymer per mole of 
SO3 
- group. Therefore, for a given mass of dry 
membrane, the molar content of sulfonic acid 
groups can be calculated as follows: 
mp Vpqp
molðSO-3 Þ ¼  ¼ ; (1)EW EW 
where mp, qp, and  Vp are mass, density, and vol­
ume of the polymer, respectively. In this study, we 
will focus on PFSA membranes with 1100 EW, for 
which we have experimental data.34 
The water content in the membrane, k, is the  
number of water molecules per SO3 
- group. Using 
the deﬁnition of EW, k can be written in the form: 
molðH2OÞ Dmw EW DVw q EWwk ¼ ¼ ¼ ; (2)
molðSO -3 Þ mp 18 Vp q 18p 
swollen dry where Dmw ¼ mp - mp (g) is the mass gain 
of the membrane with respect to the dry state due 
to the water uptake, 18 cm3/mol is the molar vol­
ume of water, and qw (g/cm
3) is  the  density  of  
water. DVw is the volume change with respect 
to the initial volume, Vp, which is the volume of 
dry polymer. One can convert the water mass 
gain into the volume fraction of water by assum­
ing that the water uptake is directly associated 
with the growth of the hydrophilic regions, as the 
polymer backbone is hydrophobic. The polymer 
volume fraction of a swollen membrane, /p 
(¼1 - /w), can then be determined directly from 
eq 2 as 
!-1 
Vp 18 / ¼ ¼ 1 þ k : (3)p Vp þ DVw EW=qp
The sorption behavior of PFSA membranes has 
been investigated both theoretically and experi­
mentally in many studies.9,10,18,30,35–39 Further­
more, based on the experimental data and theo­
retical models describing the swelling mecha­
nisms, the relationship between water content, k, 
and the water vapor activity, a (or relative humid­
ity, RH), has been investigated. Of the several 
models in the literature characterizing the sorp­
tion of PFSA membranes of EW ¼ 1100, the one 
given by Thampan et al.37 is adopted here: 
Ca½1 - ðn2 þ 1Þan2 - n2an2þ1l=ð1 - aÞ kðaÞ ¼ km ;
1 - ðC - 1Þa - Can2 þ1 
(4) 
where the empirical constants are C ¼ 150; km ¼ 
¼ kliq 1.8, n2 /km, and  kliq ¼ 22. For the sake of sat sat 
Figure 2. Cluster-network model for PFSA mem­
branes in (A) dry and (B) swollen state and the corre­
sponding geometric representation, consisting of a 
spherical cluster in a polymer matrix, shown in two-
dimensional view for (C) dry and (D) swollen state. 
comparison, we also show another relationship 
given by Springer et al.38: 
3kðaÞ ¼ 0:043 þ 17:81a - 39:85a 2 þ 36:0a : (5) 
Figure 3. Evolution of the volume fractions of water 
and pore (consisting of sulfonic acid groups and 
water) as a function of relative humidity, RH. To 
determine the volume fractions, two models describ­
ing k–RH relationship are used for comparison: 
Springer et al.38 and Thampan et al.37 Cluster vol­
ume fraction is calculated from the water volume 
fraction as determined from the latter model. 
Both these models can be used to obtain the 
sorption curve of PFSA membranes in water 
vapor at room temperature. However, the uptake 
of water molecules of PFSA membranes in liquid 
water is seen to increase dramatically compared 
with that of saturated water vapor, even though 
the water activity is 100% in both cases. This phe­
nomenon is known as Schroeder’s Paradox40 and 
studies.9,30,39,41 discussed in several However, 
Onishi et al.39 showed that the water uptake is 
same if the membranes have the same thermal 
history, and the water uptake changes if the mem­
branes are pretreated differently. In this study, 
we will consider the sorption from water vapor 
only, for which the relationship between water 
volume fraction and RH is depicted in Figure 3 
using the k–RH relationship given in eqs 4 and 5. 
As seen from the ﬁgure both models give similar 
predictions, especially in the range of 10–95% RH. 
The inﬂuence of temperature on the relation­
ship between water content and relative humidity 
is not well established, and the literature presents 
contradictory information on this issue. Among 
the experimental studies where k is computed 
based on mass gain in the PFSA membrane at 
various temperatures and humidities, Zawodzin­
ski,9 Morris and Sun36 and Jalani et al.42 
observed a slight increase in k with increasing 
temperature, especially at high humidities. How­
ever, experimental data by Hinatsu et al.,43 and 
models developed by Weber and Newman30 and 
Takata et al.44 indicate that k decreases with 
Figure 4. The log–log plot of the experimental data 
for Young’s modulus of Naﬁon 112 membrane34 as a 
function of the reciprocal polymer volume fraction 
(equals to the volumetric swelling strain) depicted at 
four temperatures. 
RTable 1. The Values of Young’s Modulus of a Dry NaﬁonV Membrane, Edry, 
Determined by the Extrapolation of the Experimental Data to Zero Water Content 
Given at Four Temperatures, Power-Law Exponent, n, and the Constants of Eq. (7) 
Obtained by Linear Curve-Fit to the Edry Values as a Function of Temperature 
Edry (MPa) 
j E0 dry 
T ¼ 25 °C T ¼ 45 °C T ¼ 65 °C T ¼ 85 °C n (MPa/K) (MPa) 
250.0 215.9 158.1 105.6 3.27 2.45 987 
increasing temperature for a given humidity. 
Even though an increase in the water content 
with temperature of the membranes swollen in 
liquid water is clearly observed9,39,43 for the 
humidity range of interest in this work, the inﬂu­
ence of temperature appears to be negligible. 
Thus, in this study, the k–RH relationship is 
assumed to be independent of temperature. How­
ever, because we will use water volume fraction 
as a variable, once the effect of temperature on 
sorption behavior is established, this relationship 
can easily be incorporated into the model. 
YOUNG’S MODULUS OF PFSA MEMBRANES 
Experimental Data on Young’s Modulus 
of PFSA Membranes 
Experimental studies of the mechanical proper­
ties of PFSA membranes are available in the liter­
ature, where various test methods have been used 
to measure Young’s modulus and investigate the 
effect of humidity and/or temperature. In various 
studies, uniaxial tensile testing,34,45,46 dynamical 
(DMA),22,47,48 mechanical analysis tapered ele­
ment oscillating microbalance (TEOM), and opto­
electronic holography technique (OHT)35,42 have 
been used. These studies all show that Young’s 
modulus decreases with water uptake (e.g., 
increased humidity). 
Tang et al.34 conducted an experimental study 
to investigate the simultaneous inﬂuence of 
temperature and humidity on the mechanical 
properties of PFSA membranes and reported that 
Young’s modulus also decreases with tempera­
ture. In that study, tensile tests for Naﬁon 112 
membrane were conducted at four temperatures 
(25–85 °C) and four humidities (30–90% RH) to 
determine several mechanical properties, includ­
ing Young’s modulus. The tensile tests were con­
ducted in two orientations, machine direction 
(MD) and transverse direction (TD). As similar 
results for the two directions were obtained, indi­
cating a nearly isotropic in-plane behavior, the av­
erage of the values in the two directions are used 
in this work. The polymer volume fractions for 
the test samples at these RH values are computed 
using eqs 3 and 4. The experimental data for 
Young’s modulus of Naﬁon 112 membrane as a 
function of the reciprocal polymer volume frac­
tion, 1//p (equal to the volume change with 
respect to the dry state, V/Vp) at four tempera­
tures is shown in Figure 4. A curve ﬁt to the 
experimental data gives the following empirical 
relationship. 
E ¼ Edry/n p ; (6) 
where Edry (MPa) is Young’s modulus of dry 
Naﬁon 112 membrane at /p ¼ 1, (/w ¼ 0) and n is 
a power-law exponent assumed to be temperature 
independent. The values of Edry at the four tem­
peratures, and the corresponding n value are 
given in Table 1. The decrease in Young’s modulus 
with increasing water content follows a similar 
trend at all temperatures. Moreover, we ﬁnd that 
Young’s modulus of dry PFSA membrane also 
decreases with increasing temperature. The rela­
tionship between Edry (MPa) and temperature (K) 
can be represented empirically by the following 
linear function: 
Edry ¼ E0 - jT; (7)dry 
where E0 (MPa) and j (MPa/K) are empiricaldry 
constants (Table 1). The temperature range used 
in this study excludes the glass transition temper­
ature, Tg. Studies pertaining to the thermal 
behavior of PFSA membranes report Tg values 
between 95–125 °C, depending on EW and hydra­
level.22,47,49tion Thus, within the temperature 
range 25–85 °C, it is reasonable to assume that 
Edry can be approximated by eq 7. We will use the 
Edry values (Table 1) as an initial condition in our 
micromechanical model, and then predict how 
Young’s modulus of the membrane changes as its 
water content increases at ﬁxed temperature. 
Previous Models for Young’s Modulus of 
PFSA Membranes 
Hsu and Gierke8,11 presented a semiphenomeno­
logical elastic theory for ionic clustering in PFSA 
membranes and proposed an expression for the 
cluster diameter corresponding to the minimiza­
tion of the free energy. In their model, the change 
in the shear modulus of the matrix with change 
in water content is implemented empirically using 
a formula which can be derived theoretically from 
an effective medium approximation for random 
composites as discussed in the work of Hsu 
et al.50 This empirical formula for Young’s modu­
lus is given by,8,11 
   
1200 - EW 
E ¼ E0exp -a 100Dmw þ ; (8)
20
where EW is the equivalent weight, Dmw is the 
water mass uptake of the swollen polymer per 
100 g of dry polymer, and E0 ¼ 275 MPa and a ¼ 
0.0294 are empirical constants. 
Li and Nemat-Nasser51 studied the ionic clus­
tering in Naﬁon membranes and used a microme­
chanics approach to develop a model to calculate 
the effective tensile modulus of water-swollen 
Naﬁon membranes. Their studies are based on 
the assumption that the cluster shape is deter­
mined by the electroelastic interaction energy 
between the ionic clusters and the ﬂuorocarbon 
matrix, and the surface energy of the cluster. 
Moreover, the effective Young’s modulus of Naﬁon 
membranes as a function of water volume fraction 
is determined using a two-phase multiinclusion 
model for various cluster aspect ratios. They com­
pared their ﬁndings of cluster diameter and 
elastic modulus with the values from litera­
ture7,8,11 for different EW, cation forms, and water 
contents. The results from Li and Nemat-Nasser51 
are reproduced graphically and shown in Figure 
5. 
Li et al.52 developed a multiscale constitutive 
model for PFSA membranes based on the theory 
of poroelasticity using a two-dimensional RVE 
consisting of a spherical inclusion. Their results 
for the effective Young’s modulus as a function of 
water volume fraction is in line with the results 
The Mori-Tanaka method can also be used to 
estimate the effective Young’s modulus of PFSA 
membranes in tension by assuming that the clus­
ters are inclusions made up primarily of water. To 
illustrate this, we adopt a simpliﬁed version of 
the Mori-Tanaka method derived by Benveniste53 
as applied to spherical inclusions. Using this 
method, the effective bulk modulus of the medium 
is given by 
ðKi - KmÞð3Km þ 4GmÞ 
Keff ¼ Km þ /i ; (9)3Ki þ 4Gm - 3/iðKi - KmÞ 
where subscripts i and m denote inclusions and 
matrix, respectively, and /i (¼1 - /m) is the vol­
ume fraction of the inclusions. Similarly, the effec­
tive shear modulus is 
/iðGi -GmÞ Geff ¼ Gm þ   : (10) 
1 þ ð1 - /iÞ 6Km þ12Gm Gi-Gm 15Kmþ20Gm Gm
Even though water has virtually zero shear mod­
ulus (Gi ¼ 0) it has a nonzero bulk modulus. Once 
these effective properties are established, the 
effective Young’s modulus can be determined from 
the standard relationship among material param­
eters for an isotropic material: 
9Keff Geff 
Eeff ¼ : (11)
3Keff þ Geff 
We will assume that the polymer matrix is repre­
sented by dry PFSA membrane (including the ion-
exchange sites), and the inclusion is only water. 
Thus, Km is set to the bulk modulus of dry Naﬁon 
112 membrane, which is calculated from Edry (Ta­
ble 1) using Km ¼ Edry/(3 - 6vm), where vm is Pois­
son’s ratio of the polymer matrix. For a lack of a 
better measurement, we set this Poisson’s ratio 
equal to that of PTFE54 since PTFE is the back­
bone of the PFSA polymer. The values of the pa­
rameters and material properties used in this 
model are summarized in Table 2. The predictions 
for Young’s modulus of Naﬁon 112 membrane 
based on Li and Nemat-Nasser,51 the Mori-
Tanaka model for spherical inclusions and the 
empirical model shown in eq 88,11 are depicted in 
Figure 5 and compared with the experimental 
data at 25 ° C.34 
We can see from Figure 5 that none of the 
existing mechanics-based models, which are all 
based on the assumption that the water resides 
only in spherical clusters, reproduce the experi­
mental data. Therefore, we propose to include the
 
obtained from the empirical model of Hsu and 
Gierke.11 
Table 2. The Values of the Material Properties Used in the Calculations Given for 
Water and Polymer Matrix, Which is Assumed to have the Properties of a Dry 
Naﬁon Membrane 
Material Property Value (Unit) Notes and Comments 
Poisson’s ratio for water, vw 0.50 Incompressibility 
Poisson’s ratio for polymer matrix, vp 0.46 Set to the value of PTFE
54 
Bulk Modulus for Water, Kw 2250 (MPa) 
Bulk Modulus for Polymer matrix, Kp 1065 (MPa) Found from Edry (T ¼ 25 ° C) 
Density of water 1.00 (g/cm3) 
Density of polymer matrix 2.05 (g/cm3) Dry Naﬁon membrane36 
Equivalent weight, EW 1100 (g/mol) Naﬁon 112 membrane 
channels in our micromechanics-based model, 
which will be discussed next. 
The two-phase nanostructure of PFSA mem­
branes seemingly exhibits structural similarities 
to the cellular solids, for example, the hydropho­
bic polymer matrix can be seen as the solid cell 
walls of the foam and the water domains repre­
sent the void. However, maximum water (void) 
volume fraction in a saturated PFSA membrane 
is less than 0.30, which is far lower than the po­
rosity values required to be considered as a cellu­
lar solid.55 Not surprisingly, the predictions of the 
formulations of the open- and closed-cell foams for 
the effective modulus of PFSA membranes fail to 
match the experimental data (not shown for brev­
ity). Thus, in our work, within the humidity range 
of interest, it is not appropriate to consider PFSA 
membrane as an open-cell foam structure. Never­
theless, the applicability of the cellular solid 
analogy could be investigated for the mechanical 
behavior of highly swollen or solution form of 
PFSA membranes, which is left to the future 
work due to the lack of experimental data. 
PROPOSED MICROMECHANICS MODEL 
Representative Volume Element 
Gierke et al.7 and Hsu and Gierke11 studied the 
clustering mechanisms and the cluster size in 
PFSA membranes using a simple geometry, based 
on the cluster-network model described earlier. 
In their model, sulfonic acid groups (SO3 
-) and  
water molecules are held in spherical clusters and 
channels. These clusters occupy cubic lattice sites 
within the polymer matrix, and are connected by 
cylindrical channels. Upon water absorption and 
consequent swelling, it is assumed that water is 
held only within the clusters and channels, which 
are surrounded by the sulfonic acid groups. As 
the membrane swells, the clusters and channels 
grow accordingly, causing growth in the volume of 
the cubic lattice [Fig. 2(C,D)]. The volume of the 
cluster plus channels is, then, the sum of the vol­
ume of the SO3 
-, VSO3, and the absorbed water, 
DVw. In this work, we will deﬁne the region con­
sisting of the clusters and channels as the ‘‘pore’’ 
volume. Thus, the pore volume fraction is 
Vpore VSO3 þ DVw/pore ¼ ¼ ¼ /SO3 þ / ; (12)wVL VL 
where VL is the total volume of the cubic lattice, 
and /SO3 is the volume fraction of sulfonic acid 
groups and can be written as 
molðSO - qVSO3 3 Þ p/SO3 ¼ ¼ VSO3 /p; (13)Vp =/ EWp 
where VSO3 is the molar volume of the sulfonic 
acid groups taken to be 40.94 cm3/mol. (In that 
study, the approximate volume of an ion-exchange 
site is given as 68 x 10 -24 cm3 corresponding to a 
radius of �0.25 nm. Here, the molar volume is 
obtained by multiplying by Avogadro’s number, 
6.02 x 1023.)7 Thus, /pore can be calculated as a 
function of the water (or polymer) volume fraction 
for a given EW. This calculation takes into 
account the expansion of the lattice during swel­
ling, and the increase in the number of sulfonic 
acid groups per cluster (i.e., structural reorgan­
ization). As, by deﬁnition, the cubic lattice always 
contains one cluster, the number of clusters in a 
given volume decreases to accommodate this clus­
ter reorganization as water is absorbed. As a 
result, both the total volume and the total number 
of SO3 
- groups in the cubic element increase, as 
the volume fractions of polymer matrix and SO3 
-
groups are always related by the EW of the PFSA 
as shown in eq 13. The corresponding volume 
Figure 5. Young’s modulus of Naﬁon 112 membrane 
at 25 ° C predicted by the empirical model of Hsu and 
Gierke,8,11 Li and Nemat-Nasser,51 Mori-Tanaka 
Model for spherical inclusions compared with the ex­
perimental data34 (markers). The proposed model is 
included for the RVE consisting of (i) spherical cluster 
only (k ¼ 0.0) and (ii) spherical cluster and cylindrical 
channels (k ¼ 0.4). [Color ﬁgure can be viewed in the 
online issue, which is available at www.interscience. 
wiley.com.] 
fractions of water (/w) and  cluster  (/pore ¼ /w þ
/SO3) as a function of water content, k, are plotted 
in Figure 3. 
Following a similar approach to that of Hsu and 
Gierke,7,8,11 we introduce a cubic RVE of edge 
length d, to characterize the nanostructure of 
PFSA membranes. In this model, the cluster, 
where the water molecules and sulfonic acid 
groups are held, is represented by a spherical do­
main of diameter ds, in the center of the cubic vol­
ume element of the polymer matrix, connected to 
its four nearest neighbors by cylindrical channels 
of diameter, dch [Fig. 6(A)]. The geometry of the 
channels in this model is inspired by the spatial 
distribution of the clusters in the local-order dia­
mond-lattice model,15,24,33 where each cluster sits 
in the center of a tetrahedron, with neighboring 
clusters at each of the four corners. Thus, our pro­
posed RVE is a combination of the original cluster-
network model of Hsu and Gierke8 and the dia­
mond-lattice model of Dreyfus,24 and represents a 
geometrically repeatable unit cell based on these 
models, but it is not exactly same as either of the 
original models. The selected geometry is chosen to 
obtain a simple RVE representing a homogeneous, 
isotropic distribution of spherical clusters. 
volume of the sphere and the four channels in the 
RVE. Previous studies suggest that the channels 
expand along with the spheres during water 
uptake.11,13,20,30 The relationship between the 
size of the spheres and channels is rather compli­
cated and is determined by the energetic interac­
tions among the water and polymer during swel­
ling. However, for simplicity we will assume that 
the channel diameter increases with increasing 
sphere diameter. Thus, a model parameter, k, is  
introduced to represent this relationship: 
k ¼ dch =ds: (14) 
When k ¼ 0, this model reduces to a sphere 
in a cubic RVE without channels. Determining 
the volume of a cylindrical channel under the 
assumed lattice structure requires some addi­
tional geometrical assumptions. In this model, we 
will assume that each cylindrical channel lies on 
the diagonal of the cubic RVE, between the sur­
face of the sphere and the corner of the cube [Fig. 
in the online issue, which is available at 
www.interscience.wiley.com.] 
Figure 6. (A) Representative volume element (RVE) 
consisting of a sphere connected by four cylindrical 
channels subjected to a mechanical load and the pro­
jected area. (B) The corresponding mechanical model 
for RVE under tension, represented by linear spring 
elements having stiffness of Epm for polymer matrix, 
Thus, the total volume of the water and sul-
fonic acid groups must be equal to the sum of the 
viewed
and Epore for the pore area. [Color ﬁgure can be 
�    
    
6(A)]. The following formula can be obtained for 
the volume of one channel: 
pﬃﬃﬃ ! 
d 3- ds 1 
Vch ¼ pd2 - hc þ hc ; (15)ch 2 3 
pﬃﬃﬃ 
where hc ¼ 5dch =2 is the height of a tetrahedron 
whose inscribed circle is the cross section of the 
channel area. (Once the edges of the cylinder 
touch the surfaces of cube, the region beyond this 
point can be approximated as a cone of base diam­
eter dch and its height is that of a tetrahedron 
whose inscribed circle is the base of the cone.) The 
region where the surface of the sphere and the 
ﬂat end of the cylinder connect is neglected. (Sep­
arate calculations show that inclusion of this 
region changes the resulting Young’s modulus 
0.3%.) Thus, the total volume fraction of the water 
and sulfonic acid groups in the  RVE,  /pore, includ­
ing the four channels and the sphere, can be writ­
ten as functions of the ratio ds/d and the ratio of 
the channel diameter to the spherical cluster di­
ameter, k, 
/pore ¼ /w þ /SO3 
¼ p 
6 
½1 - k2ð2 
ﬃﬃﬃ 
5
p 
k þ 3Þl ds 
d 
3 
þ 
ﬃﬃﬃ 
3
p 
2 
pk2 
ds 
d 
2 
: 
(16) 
This equation can be solved implicitly to obtain 
ds/d for a given k and pore (sphere plus channels) 
volume fractions, /pore. 
Determination of Effective Young’s Modulus 
A simple way to predict the effective properties of 
a composite material is by using the rule-of-mix­
tures, which assumes that each component’s con­
tribution to the effective property is proportional 
to its volume fraction. Here, we will use a modi­
ﬁed rule-of-mixture for our RVE [Fig. 6(A)] to 
determine the effective Young’s modulus as a 
function of water volume fraction. In particular, 
we will use the rule-of-mixture to establish the 
distribution of the load-carrying hydrophobic 
regions and the water absorbing hydrophilic 
domains in RVE. Once the water content is deter­
mined, the effective Young’s modulus can be deter­
mined based on the ensuing morphological fea­
tures. Because of the symmetry of this geometry, 
the predicted mechanical behavior will be iso­
tropic, which is in agreement with our experimen­
tal observations.34 The behavior of the RVE 
subjected to tensile force is characterized by a 
mechanical model consisting of linear spring ele­
ments having stiffness Epm for the polymer matrix, 
and Epore for the pore regions consisting of the clus­
ter and channels [Fig. 6(B)]. As most of the cluster 
and channel volume is occupied by water, we 
assume that these regions act as voids in tension 
(Epore ¼ 0), so that the mechanical force is carried 
only by the polymer matrix. The polymer matrix 
consists primary of hydrophobic PTFE-like back­
bone and is therefore assumed not to interact with 
the water molecules. Consequently, plasticization 
of the polymer matrix is neglected in our model. 
Therefore, any decrease in the modulus of the 
membrane at a given temperature is due to the 
water content which only affects the size and 
shape of the pores (or the load carrying region). 
We are interested in the low-strain regime, there­
fore, small deformations are assumed so that the 
shape of the cluster and channels remain the 
same. The vertical central cylindrical element con­
taining the sphere is subject to a nearly uniform 
stress in tension, since the sphere and the polymer 
matrix above and below are connected in series 
[Fig. 6(B)]. However, as the pore is treated as a 
void, it does not carry mechanical force so this cy­
lindrical element becomes inactive, and the force 
is transferred only by the polymer matrix that sur­
rounds the sphere. The volume above and below 
the channels is treated in the same manner. 
Therefore, when a force is applied to this model, 
the system undergoes a uniform strain and only 
the effective area, Aeff (¼A - Apore), which is nor­
mal to the direction of applied force, is subject to 
stress. Thus, the effective Young’s modulus of the 
RVE, Eeff, can be written as 
Eeff ¼ Epm Aeff 
A 
¼ Epm 
 
1 - Apore 
A
; 
 
(17) 
where Epm is the modulus of the polymer matrix 
and Apore/A is the ratio of the pore (sphere plus 
channel) area to the total area of RVE in a two-
dimensional projected view. The projected sphere 
and channel area consists of a circle and four rec­
tangles lying on the diagonals of the square [Fig. 
6(A)]. Thus, the total area fraction of the sphere 
and channels is: 
h i 2 p pﬃﬃﬃApore ds ds¼ - kð2 þ kÞ þð2k 2Þ : (18)
A 4 d d 
The ratio ds/d for a given k and /pore is found 
from eq 16. The effective Young’s modulus then 
can be calculated by substituting eq 18 into 17 
    
�
( )
p ds pﬃﬃﬃ ds h i 2 
Eeff ¼ Epm - kð2 þ kÞ þð2k 2Þ : 
4 d d 
(19) 
When the membrane is dry, /p ¼ 1 and  the  
spheres and channels consist of sulfonic acid groups 
only, that is, /pore ¼ VSO3 qp =EW. Thus, for this 
case, eq 19 provides a relationship between Young’s  
modulus of polymer matrix, Epm, and Young’s mod­
ulus of the dry PFSA membrane, Edry, which  is  a  
function of temperature only (eq 7). Therefore, if 
Young’s modulus of the PFSA membrane is known 
at any water (or polymer) volume fraction, then 
Epm can be determined for a given set of geometric 
parameters and material properties. 
To use eq 19, we refer back to the literature to 
obtain reasonable values for the parameter k. On  
the basis of the cluster-network model, Hsu and 
Gierke8,11 developed a theory for clustering and 
determined the cluster diameter as a function of 
water content. According to their calculations, the 
spherical cluster diameter for 1100–1200 EW 
PFSA polymers is within the range of ds ¼ 3.6 -
4.1 nm in the swollen state (90–100% RH). Fur­
thermore, both their theory and experiments 
show the diameter of the channels between the 
clusters to be dch ¼ 1.4 ± 0.2 nm for 1200 EW 
polymer.8,11 These values correspond to a range of 
k (¼ds/dch) values of 0.35 to 0.45 (eq 14). In a 
study by Iijima et al.,20 the cluster size distribu­
tion for Naﬁon 117 (1100 EW) membrane was 
determined at various water contents. On the ba­
sis of this data, they showed that the channel di­
ameter expands during swelling assuming a cubic 
RVE consisting of a spherical cluster and ortho­
tropic cylindrical channels. Even though the num­
ber of channels is higher in their model and there 
is scatter in the data, interpretation of their 
results for the swollen state gives a rough ﬁgure 
for k, which is again between 0.30 and 0.45. Inter­
estingly, these values are close to the total pore 
volume fraction at maximum humidity (Fig. 3) 
which might be an indication of a relationship 
between k and the pore or water volume fraction. 
Thus, based on the limited available data in the 
literature, in our model calculations we will inves­
tigate two cases: 
To conﬁrm the validity of these k values, more 
experimental and theoretical studies are needed. 
However, the fact that k ¼ /w results in a satis­
factory result for Young’s modulus of PFSA mem­
branes provides a relationship between the size 
of the spheres and interconnecting cylindrical 
channels, which can be exploited in the investiga­
tion of other properties (e.g., inﬂuence of water 
content on the conductivity of the membrane). 
i. k is a constant in the range of 0.35–0.45 or, When k ¼ 0, the channel diameters go to 
ii. k is proportional to the water volume frac- zero and the SO3 
- groups and water all reside 
tion, that is, k(/w) ¼ k0/w, where k0 is a in the spherical cluster. For this case, eq 19 
constant to be determined. reduces to 
Assumption ii. takes into account the percola­
tion idea somewhat empirically, as the channels 
do not exist at zero water volume fraction, and 
the model reduces to the spherical cluster repre­
sentation discussed earlier. 
Results for Naﬁon 112 Membrane 
For Naﬁon 112 membrane, EW is 1100 and qp can 
be taken as 2.05 g/cm3 corresponding to the den­
sity of dry Naﬁon membrane.36 Then, from eq 13 
the corresponding volume fraction of SO3 
- groups 
in a dry membrane is calculated as 0.0783. (For 
the other material properties used in these calcu­
lations see Table 2.) Since only Edry is assumed to 
change with temperature, by normalizing the 
effective Young’s modulus with the modulus of the 
dry membrane at that temperature, that is, 
E ¼ Eeff =Edry, the inﬂuence of water content on 
Young’s modulus can be seen explicitly. The nor­
malized effective Young’s modulus determined by 
the proposed model is plotted in Figure 7 for vari­
ous constant k values and compared with the nor­
malized experimental data.34 
The nonnormalized predictions of the pro­
posed model are compared with the experimen­
tal data34 for Young’s modulus of Naﬁon 112 
membrane as a function of water content, k, at  
four temperatures (25–85 ° C) in Figure 8(A). 
These ﬁgures show very good agreement with 
the experimental data for k values 0.35–0.45. 
The model predictions as a function of water vol­
ume fraction are depicted in Figure 8(B) for the 
case k increases with water volume fraction, 
that is, k(/w) ¼ k0/w for k0 values of 0.8 and 
1.0. Higher and lower values for k0 underpredict 
and overpredict the experimental data, respec­
tively. Thus, setting k ¼ /w seems quite reasona­
ble to reduce the number of empirical parame­
ters and yields a very good prediction compared 
with the experimental data. 
  
Figure 7. The normalized effective Young’s moduli 
determined by the proposed model for various k val­
ues compared with the normalized experimental data 
at four temperatures (25–85 ° C).34 [Color ﬁgure can 
be viewed in the online issue, which is available at 
www.interscience.wiley.com.] 
8 9 !2=3 < 1=3 =9p VSO3 qpEeff ¼ Epm 1- 1- /p þ /p ; : 16 EW ;
(20) 
where /p (¼1 - /w) is  the  polymer  volume frac­
tion. Now Young’s modulus of the polymer matrix, 
Epm, can be found by setting the polymer volume 
fraction, /p ¼ 1 and  Eeff ¼ Edry in eq 20 for a given 
EW. Recall that Epm is higher than Edry since a 
region consisting solely of SO3 groups exists in 
the dry membrane, which is excluded from the 
polymer matrix. 
The prediction of eq 20 for Young’s modulus of 
Naﬁon 112 membrane is shown in Figure 5 at 25 
° C and compared with the previous models in the 
literature (see previous section) and the experi­
mental data.34 When the RVE is represented by a 
spherical cluster only, and the channels are 
neglected, the proposed model gives similar results 
as the other models and consequently overpredicts 
Young’s modulus determined from the experi­
ments. Also, the similarity between the predictions 
of the proposed model without channels (eq 20) and 
the Mori-Tanaka model (eq 11) for the same RVE, 
that is, spherical inclusions, can be seen as a vali­
dation of the mechanics approach we have taken. 
DISCUSSION 
The proposed mechanical model uses a simple 
RVE to characterize the nanostructure of PFSA 
membranes. Considering the simplicity of our 
micromechanics model, the fact that we can suc­
cessfully predict Young’s modulus suggests a con­
nection between the nanostructure and elastic 
properties of PFSA membranes. In the proposed 
mechanical models, we simpliﬁed the percolation 
phenomenon which normally requires a critical 
water volume fraction for the formation of chan­
nels. Instead, we investigated a case in which the 
channel diameter is assumed to increase with 
water volume fraction corresponding to an ab­
sence of channels in the dry state. Nevertheless, 
for PFSA membranes this critical fraction is 
Figure 8. The predictions of the proposed model for 
Young’s modulus of Naﬁon 112 membrane as a func­
tion of water content, k, compared with the experi­
mental data34 at four temperatures for (a) constant k 
values of 0.35 and 0.45, and (b) k ¼ 0.8 /w and k ¼ 
1.0 /w. [Color ﬁgure can be viewed in the online 
issue, which is available at www.interscience.wiley. 
com.] 
shown to be less than 0.10.8,30,36 This corresponds 
to a transition in a very narrow range, and there­
fore should not signiﬁcantly affect the predictions 
at higher water contents. The effect of percolation 
transition on the effective properties of polymers 
was investigated in the work of Hsu et al.50 using 
an effective medium theory to estimate the shear 
modulus assuming spherical particulates dis­
persed in polymer matrix. In addition, according 
to Gebel,13 a structural inversion occurs in PFSA 
membranes at around /w ¼ 0.5 leading to poly­
meric rod-like aggregates suspended in a continu­
ous water phase. Since the water volume fractions 
used in this study are less than this value, any 
possible structural phase-transition does not in­
validate the proposed RVE for the cluster-network 
model. 
Furthermore, the thermodynamic state of the 
water molecules, that is, whether they are 
strongly bound to the sulfonic acid groups or 
move freely, is irrelevant within the framework of 
this work since only the backbone of the polymer 
is assumed to carry all the mechanical force. In 
PFSA membranes, a hydrophobic phase-sepa­
rated PTFE-like backbone is observed.56,57 This 
observation favors our approach since, according 
to eq 20, the modulus of the polymer matrix 
(excluding the ionic sites) is Epm ¼ 320 MPa at T 
¼ 25 ° C, whereas the modulus of dry PFSA mem­
brane is Edry ¼ 250 MPa. Thus, the higher stiff­
ness of the polymer matrix can be attributed to 
the PTFE-like backbone. Also, the decrease in the 
modulus of the polymer matrix with increasing 
temperature (eq 7) is in agreement with the ex­
perimental observations for the modulus of 
PTFE.54 
We considered other nanoscale representations 
for the structure of PFSA membranes in our 
mechanics-based modeling. For example, a sphere 
with three orthotropic channels was considered a 
possible RVE. However, this microstructure 
did not capture Young’s modulus obtained experi­
mentally. Moreover, in this case, the spheres 
become smaller than the cylinders as pointed 
out in the work of Schmidt-Rohr and Chen.28 On 
the other hand, if a sphere with one vertical chan­
nel is used, the model overpredicts the experimen­
tal data. The latter can be interpreted as the lim­
iting case of the cylindrical-water channel model 
when the sphere and channel diameters are 
equal. 
tion, Aeff/A, as a function of water volume fraction, 
/w, (curve-ﬁt to the solution) obeys an Arhenius 
type of formula resulting in the expression 
Eeff Aeff Apore ¼ ¼ 1 - ¼ Bexpð-b/ Þ; (21)wEpm A A 
where b is a material constant that depends on 
the value of k, EW and other material properties 
used in the calculations. B is the ratio of the dry 
modulus to the modulus of the polymer matrix, 
that is, B ¼ Edry/Epm satisfying the initial condi­
tion, Eeff ¼ Edry when /w ¼ 1. Thus, eq 21 simpli­
ﬁes to 
Eeff ¼ Edryexpð-b/wÞ; (22) 
which requires only the knowledge of the material 
constant, b. This formula is similar to the empiri­
cal models given in the literature8,11,35 in form 
but with different constants, probably due to the 
differences in experimental technique and the 
speciﬁc membrane material tested. However, our 
model differs from the empirical equations 
because the parameter b in eq 22 is not found 
empirically. It is found from the solution of eqs 
16–18 for a given k and EW, which depend on the 
RVE and the material properties, respectively. 
For example, for 1100 EW membrane, b equals to 
3.31 and 3.71 for the k values of 0.35 and 0.45, 
respectively. Note that if k changes with volume 
fraction, obtaining such relationship is cumber­
some. but we found that eq 22 can still be used as 
a ﬁrst-order approximation. 
Young’s modulus of PFSA membranes sub­
jected to compression is of great importance, since 
these membranes are subject to signiﬁcant com­
pressive loads when used in fuel cells.6 However, 
to date no experimental data has been reported 
on Young’s modulus of PFSA membranes in 
compression. Modeling the compressive behavior 
may require a different treatment since water 
behaves differently in compression than tension. 
The nanostructure-property relationship in PFSA 
membranes must be explored further, considering 
other morphological models proposed in the litera­
ture. For example, swelling and mechanical defor­
mation of the membrane might induce micro-
structural changes in the orientation and shape of 
the clusters, requiring more sophisticated models 
to take into account these affects. Finally, more 
If the pore area fraction is calculated from eq 
18 by ﬁrst solving eq 16 for a range of pore volume 
fractions, /pore, the plot of the effective area frac- ent membranes. 
the model at higher water contents and for differ­
experimental data is needed for the validation of 
CONCLUSIONS 
In this study, a micromechanics-based model is 
developed to determine Young’s modulus of PFSA 
membranes as a function of water content at vari­
ous temperatures. Based on the cluster-network 
model, the nanostructure of PFSA membrane is 
characterized by a RVE: water ﬁlled pores consist­
ing of a sphere connected by four cylindrical chan­
nels in a cubic polymer matrix. The swelling of 
the membrane is modeled by the growth of the 
clusters and the resulting growth in the RVEs. 
The mechanical load is carried by the polymer 
matrix consisting of hydrophobic PTFE-like 
backbone. The properties of polymer matrix are 
related to that of dry PFSA membrane, which are 
affected by the temperature only. Water content 
determines only the shape and size of the pores 
and, therefore, the associated decrease in the 
modulus of membrane at a given temperature. By 
performing a simple mechanics analysis for the 
RVE, a theoretical formula is proposed for Young’s 
modulus of PFSA membranes. The signiﬁcance of 
this work stems from the fact that we have elimi­
nated the need for any empirical constants, and 
the material parameters in the proposed model all 
have clear physical meanings, which are attrib­
uted to the geometry of the clusters and channels 
in the RVE. When the cluster is represented by a 
sphere connected by four channels, the proposed 
model demonstrates very good agreement with 
the experimental data for the effective Young’s 
moduli of Naﬁon 112 membranes in the tempera­
ture range of 25–85 ° C and water volume frac­
tions up to 0.3. The RVE simpliﬁes to spherical 
inclusions in the absence of channels. In this case, 
the predictions of the model are similar to those of 
other semiempirical models in the literature and 
the Mori-Tanaka model for spherical inclusions, 
which all signiﬁcantly overpredict Young’s modu­
lus compared with the experimental data. Thus, 
these results suggest that there is a strong con­
nection between the mechanical properties and 
the nanostructure of PFSA membranes. We were 
able to show that when an accurate representa­
tion of the nanostructure is used, the microme­
chanics model agrees well with the experimental 
results. The model presented in this study can be 
used to accurately predict Young’s modulus of 
PFSA membranes without the need for any em­
pirical constants. 
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